Abstract: We show that any sequence of measurements on a permutationallysymmetric (pure or mixed) multi-qubit string leaves the unmeasured qubit substring also permutationally-symmetric. In addition, we show that the measurement probabilities for an arbitrary sequence of single-qubit measurements are independent of how many unmeasured qubits have been lost prior to the measurement. Our results are valuable for quantum information processing of indistinguishable particles by post-selection, e.g. in cases where the results of an experiment are discarded conditioned upon the occurrence of a given event such as particle loss. Furthermore, our results are important for the design of adaptivemeasurement strategies, e.g. a series of measurements where for each measurement instance, the measurement basis is chosen depending on prior measurement results.
Introduction
An n-partite quantum state is permutationally-symmetric (also referred to as 'symmetric states' [1] [2] [3] ) if it is invariant under arbitrary permutations of the n subsystems. Such 'permutationally-symmetric states' are optimal for quantum phase metrology [4] ; specifically, highly-entangled permutationally-symmetric states are a key resource for adaptive phase measurement [5] [6] [7] [8] [9] , as they enable precision measurements close to the fundamental Heisenberg limit in the ideal pure-state and unitary-evolution setting [10, 11] . Adaptive measurement schemes use successive measurements where the type of measurement, e.g. the measurement basis, is chosen based on prior measurement results. For devising practically applicable adaptive-measurement schemes, we require a theory that is sufficiently general and includes experimentally-relevant cases such as loss. For example, if an n-partite quantum system is used for an adaptive measurement, but only m, with m < n, qubits arrive at the detector, the missing n − m qubits are said to be lost. An adaptive-measurement scheme is said to be 'loss-independent' if the measurement probabilities only depend on how many qubits are measured but not on how many and which of the unmeasured qubits have been lost. Even though the loss of qubits typically occurs randomly, we can study the case where the loss is fixed by discarding selected experimental outcomes; this is post-selection. Here we study the robustness of permutationally-symmetric states in the presence of loss and show that permutationally-symmetric states are especially useful for adaptive quantum measurement strategies.
Although errors and losses do not typically preserve permutation symmetry, we show that any sequence of operations (such as measurements, errors or loss) that do not necessarily preserve permutation symmetry nonetheless leave the remaining untouched qubit substring permutationally-symmetric. Our focus is on adaptive-measurement schemes with permutationally-symmetric states as inputs. For example, consider an optical adaptive phase-estimation scheme, where individual photons of an entangled, permutationally-symmetric state are fed sequentially into an interferometer [5, 8] . After each output photon is measured, the measurement for the next input photon is adaptively changed based on the measurement history. As each input photon of the input state is processed at a different time, most operations, such as measurement and quantum errors, are not permutationally-symmetric. Specifically we show that qubit loss does not harm adaptive-measurement schemes that use permutationally-symmetric states as input, in the sense that all measurement probabilities are loss-independent, despite the fact that losses raise the cost in terms of number of required photons and integration time for the measurement procedure.
Our paper is structured as follows. In section two, we present the mathematical formalism for permutationallysymmetric states from a quantum-information perspective. The third section deals with the effects of measurements and loss on permutationally-symmetric states. As our focus is on adaptive measurements, we specifically analyse the effects of sequential single-qubit measurements and loss on permutationally-symmetric states. In section four, we present implications for adaptive measurement schemes that utilise pure permutationally-symmetric input states and projective-valued measures to estimate parameters of a unitary single-qubit quantum channel. In the fifth section, we draw conclusions and summarise our work.
Basis states for permutationally-symmetric qubit strings
The Hilbert space of permutationally-symmetric qubit strings of length n forms a subspace of H ⊗n 2
. In Definition 4 below, we construct n+1 orthonormal permutationally-symmetric states. These states are identical to the 'symmetric states' [1, 2] . In contrast, we sum over all permutations in Definition 4 in order to exploit the group properties of S n whereas Stockton et al. only consider distinct permutations [2] .
Definition 4: Permutationally-symmetric state (π-state)
For the set U = {u 1 , u 2 , . . . , u n } ⊂ Z + of qubit positions, with u n > · · · > u 2 > u 1 , the permutationally-symmetric n-qubit state is
for |β u the state of the qubit with position u ∈ Z + . If U = {1, 2, . . . , n}, we write |ν [n] .
There exists a bijective linear correspondence that maps every state |β n . . .
2 . In most cases, this bijection allows us, without loss of generality, to work with the states |ν [n] , which comprises qubits with 'default' positions 1, 2, . . . , n.
For a compound system of n spin-1 2 systems, i.e. qubits, the Dicke states [13] are defined as the states |l, m D that are simultaneous eigenstates of both the square of the total spin operator J 2 and its z component J z [14] :
The n + 1 Dicke states
, form a special subset of all 2 n Dicke states in the sense that they are the only states that are symmetric under arbitrary permutations of the qubits [15] . Interpreting a spin-1 2 system with spin in the +z direction as the logical state |1 , we have |
Remark 2: Equation (7) and Remark 1 imply that
Throughout this paper, we use the notation "lhs
= rhs" to indicate that the right-hand side rhs has been obtained from the left-hand side lhs under the use of equation (x). For instance,
follows from equation (7) . For fixed n, the states {|ν [n] } ν=1,...,n form an orthonormal basis of the (n+1)-dimensional Hilbert space H n+1 . Furthermore, {|ν [n] µ|} ν,µ=1,...,n span the space B H n+1 of linear operators on H n+1 , i.e. 
n is the number of non-zero elements in b [16, 17] . Furthermore, we abbreviate the action of a permutation π ∈ S n on the bit-string b ∈ {0,
Remark 3:
The state |ν [n] is an equally-weighted superposition of all possible qubit strings of length n and Hamming weight ν:
for W (n) ν := {a ∈ {0, 1} n : ω(a) = ν} the set of all n-bit strings with Hamming weight ν. , the following statement holds.
Proof of Theorem 1:
(⇒) We assume ρ ∈ B H n+1 . Equation (12) implies that ρ is a linear combination of permutationally-symmetric states. Therefore, ρ is permutationally-symmetric. (⇐) We assume that ρ ∈ B H ⊗n 2 is permutationally-symmetric, i.e. ∀ π ∈ S n : ρ = P(π)ρ = ρP(π) † . Hence,
Furthermore, Definition 4 implies that ∀b ∈ {0, 1} n : π∈Sn P(π)|b ∈ H n+1 , i.e.
∀b, b ∈ {0, 1} n :
Equation (15) and (17) together imply that ρ ∈ B H n+1 .
Corollary 2:
Any permutationally-symmetric state ρ can be written as
using the basis states of (7).
Equation (18) provides us with a convenient, compact notation for permutationally-symmetric states. Furthermore, a permutationally-symmetric string of n qubits represents a qudit of dimension n + 1.
Factoring single qubits from a permutationally-symmetric qubit string
In this section, we show that any permutationally-symmetric state |ν [n] ∈ H n+1 can be represented as a tensor product of a single qubit and a permutationally-symmetric state |ν [n−1] ∈ H n . This is because the tensor product of H n and a single-qubit Hilbert space H 2 = span{|0 [1] , |1 [1] } can be written as
Theorem 3: For U, V a partition of {1, 2, . . . , n},
Θ(x) = 1,
A similar statement to Theorem 4 was suggested by Gisin and Bechmann-Pasquinucci [18] , however without a formal proof. Below, we give a rigorous proof based on permutationally-symmetric states.
Proof of Theorem 3: First, we note that for any pure n-qubit state
The state a∈W
|a is an equally-weighted superposition of all possible n-qubit strings with exactly ν qubits in the logical state 1. Partitioning these qubits into two sets U and V yields
for |b U the collective state of the qubits in the set U. Then, (23) implies
Since |U| = n − |V|, one obtains (20) from (25) by multiplying with n ν −1/2 and using Remark 3.
As an example for Theorem 3, let us consider the case where we wish to apply some single-qubit unitary transformation U 1 to the first qubit of the permutationally-symmetric three-qubit state |1 [3] . Then, for U = {1} and V = {2, 3}, Theorem 3 implies
for 1 {2,3} the identity operation on the second and third qubits. The permutationally-symmetric one-qubit state
has the following two properties: (1) it consists of the single qubit at the first position and (2) it contains one qubit in the logical state |1 . Consequently, |1 [{1}] is identical to state |1 1 . The identity |β [{1}] = |β 1 , for β = 0, 1, also follows directly from Definition 4. Thus,
Our example shows that, using Theorem 3, one can separate qubits from a permutationally-symmetric state without expanding the state into the full computational basis
(|100 +|010 +|001 ). This compression is significant for many-qubit states such as |Ψ = n ν=0 ψ ν |ν [n] , n 1. In the computational basis, |ν [n] is a superposition of n ν logical states and, hence, |Ψ is a superposition of n ν=0 n ν = 2 n different basis states. If we use the computational basis to apply the single-qubit unitary operator U 1 to |Ψ , we work with 2 n terms, for n the length of the qubit-string |Ψ . In contrast, making use of the permutation symmetry and Theorem 3, one can work with 2n basis states.
Separating a single qubit from a permutationally-symmetric state is important for adaptive-measurement schemes [5] [6] [7] [8] [9] . Therefore, we state the result of Theorem 3 for V = {u} ⊂ Z + as Corollary 4 below.
Corollary 4:
Given U ⊂ Z + , |U| = n, the permutationally-symmetric state |ν [U ] can be written in the basis of H
the single-qubit Hilbert space of the qubit with position u ∈ U and H (U ) n the permutationally-symmetric space of the other (n − 1) qubits with positions in U = U {u}, as
Lemma 5: Given a permutationally-symmetric state |ν [n] ∈ H n+1 , and let
be the single-qubit Hilbert space of the i th qubit, with i ∈ {1, 2, . . . , n}. Without loss of generality, we can assume that the position of the i th qubit is at the end of the qubit string |ν [n] .
Proof of Lemma 5:
Let π ∈ S n be the permutation that interchanges the i th with the n th qubit. In P( π)|ν [n] the formerly i th qubit now occupies the n th (last) position. However, Remark 2 states that P( π)|ν [n] = |ν [n] . Therefore, changing the position of the i th qubit in the string does not affect the state |ν [n] .
As an example for Lemma 5, consider measuring qubit 2 of the permutationally-symmetric state
2 . Lemma 5 implies that the position labels of the qubits in the string |1 [3] can be arbitrarily chosen. Specifically, we can simply label the last qubit as 'qubit 2', i.e. we write
2 , and then just measure the last qubit of the string. Definition 5: Qubit substring trς (ρ) over subset ς ⊆ {1, 2, . . . , n} Let ρ ∈ B(H n+1 ) andς = {1, 2, . . . , n} ς. The qubit substring over the subset ς is obtained by taking the partial trace over the qubits inς:
Here, |ς| denotes the cardinality of the setς and trς the partial trace over the qubits inς.
Effect of operations on a permutationally-symmetric qubit string
In this section, we first study the case whereby global permutation symmetry of a permutationally-symmetric qubit string is broken by a quantum process E. We show that the remaining qubits after applying E are in a permutationally-symmetric state. Then, we focus on sequential single-qubit measurements and qubit loss for permutationally-symmetric states.
Effects of a quantum channel on a permutationally-symmetric qubit string
A general quantum process affecting a quantum state ρ ∈ B(H ⊗n 2
) is conveniently described as a completely-positive, trace-preserving (CPTP) map E : B(H 
The matrices {E k } ∈ C m×n are the Kraus representation of E. For convenience of notation, we extend the mapping
, {1, . . . , n} ⊆ S , by assuming that E acts trivially on the subspace B i∈S {1,...,n} H (i) 2 .
Theorem 6:
Given a permutationally-symmetric state ρ ∈ B i∈U H (i) 2
, U ⊂ Z + , and a CPTP map E that acts on the qubits in S ⊂ U, the state E(ρ) is permutationally-symmetric over the set U S .
Proof of Theorem 6:
The setsS := U S and S are disjoint subsets of U. Let {E k } be the Kraus representation of E. As E acts trivially on the qubits inS , we can write
and 1S is the identity on B i∈S H (i) 2
. Then, for any permutation πS ∈ S |S | , we have
As the set of all CPTP maps includes partial trace, Theorem 6 implies the following corollary.
Corollary 7:
A permutationally-symmetric state remains permutationally-symmetric under loss of qubits.
Sequential single-qubit measurements of a permutationally-symmetric qubit string
Here we study the effects of sequential single-qubit measurements and loss on permutationally-symmetric qubit strings. Our analysis provides fundamental insights in the loss robustness of adaptive-measurement schemes that employ permutationally-symmetric qubit strings as input. Specifically we show that qubit loss does not affect adaptive-measurement schemes in the sense that all measurement probabilities are loss-independent. The only consequence of loss is that, trivially, not all qubits can be measured.
In our analysis, we combine the action of the quantum channel and the measurement into a single positive operatorvalued measure (POVM) instead of treating them as separate processes. A POVM is given by its POVM elements {K }, which are positive semi-definite operators such that K = 1. Each POVM element can be decomposed as K = K † K , where the {K } are the Kraus operators for the measurement. The probability for obtaining the measurement result is
and the state ρ after the measurement is
In this section, we consider single-qubit POVMs. As we can use the same type of measurement process to measure different qubits within the full string, we avoid ambiguity by including a superscript on the Kraus operators. This superscript indicates the qubit position upon which the POVM acts. For example, the Kraus operators {K (3) } describe a measurement acting on the third qubit of the full string. In general, the Kraus operators {K (i) } represent a mapping
For convenience of notation, we extend the mapping K (i) to any Hilbert space H = i∈S H (i) 2
Lemma 8: For ρ ∈ B(H n+1 ) a permutationally-symmetric n-qubit string and {K (i) } the Kraus operators for a POVM acting on the i th qubit, the partial trace over the j th qubit satisfies
Proof of Lemma 8: If the state is written as ρ ∈ B(H ⊗n 2 ), then by using Corollary 2 and Definition 2, it is obvious that the POVM and the partial trace act on non-overlapping subspaces of B(H ⊗n 2 ). Hence, both operations commute.
Remark 4:
Let ρ be an arbitrary n-qubit state and {K (i) } be the Kraus operators for a POVM that acts on the i th qubit of ρ. The probability of measurement outcome is independent of how many other qubits have been lost prior to the measurement.
We now turn to the case where different single-qubit POVMs are sequentially applied to different qubits of a permutationally-symmetric state ρ. In order to differentiate between the different POVMs, we introduce a second index α for the Kraus operators. For example, {K Let ρ be a permutationally-symmetric n-qubit string that is subject to a time-ordered sequence of k ∈ {0, 1, 2, . . . , n} single-qubit measurements with the restriction that no qubit is measured more than once. The individual measurement probabilities are equal to an experiment where the measurements are applied in the same order to the qubits 1, 2, . . . , k of ρ.
Proof of Theorem 9:
Let the number of measurements performed on ρ be M ∈ {1, 2, . . . , n}, with {K M, } the Kraus operators for the last measurement. The set of measured qubits is then given by S = {s 1 , s 2 , . . . , s M } ⊆ {1, 2, . . . , n}. As no qubit is measured more than once, i.e. s i = s j for all i, j ∈ {1, . . . , n} with i = j. The probability for obtaining outcome 1 in the first measurement, 2 in the second measurement up to M in the M th measurement is
We now prove
We now proceed to proving equation (40).
, k, m ∈ {1, 2, . . . , n} be the swap operation that swaps the qubit at position k in an n-qubit string with the one at position m. For any n-qubit state, one can either measure the j th qubit directly or swap qubits k and j, measure qubit k, and finally swap qubits k and j back:
The swap operation, simply permuting two qubits, does not change a permutationally-symmetric state; i.e.
Furthermore, Ξ k,m commutes with all operations that do not involve qubit k or qubit m. Specifically,
k,m , and the cyclicity of the trace, we can write
Equation (54) states that the measurement probability p S ( M , . . . , 1 ) for measuring the qubits with positions in S equals the measurement probability p L ( M , . . . , 1 ) for measuring the qubit in L := {n − M + 1, . . . , n − 1, n}, i.e. measuring the last M qubits of the string. Thus, for any two sets S, V ⊆ {1, 2, . . . , n} with |S| = |V| we have
Corollary 10: Let ρ be a permutationally-symmetric n-qubit string that is subject to a time-ordered sequence of single-qubit measurements and losses of qubits with restrictions
• No qubit is measured more than once,
• No qubit that becomes lost has been previously measured.
Let k ∈ {0, 1, 2, . . . , n} be the number of successful single-qubit measurements performed on ρ. The individual measurement probabilities are equal to a lossless experiment where the measurements are applied in the same order to the qubits 1, 2, . . . , k of ρ.
Proof of Corollary 10:
Remark 4 implies that the measurement probabilities are equal to the lossless case. Thus, Theorem 9 shows that, without altering the measurement probabilities, we can apply the sequence of measurements to the qubits 1, 2, . . . , k of ρ.
Implications for adaptive-measurement schemes
In this section, we state the implications of our results for adaptive-measurement schemes. Adaptive interferometric phase estimation has been studied in depth [5] [6] [7] [8] [9] , and these schemes rely on permutationally-symmetric input states. In fact, it has been shown that permutationally-symmetric states are the optimal inputs [4] . Furthermore, all schemes so far [5] [6] [7] [8] [9] use projective measurement at the interferometer output, which are experimentally simple to implement. Therefore, we focus on a setting where pure permutationally-symmetric input states and projective-valued measures (PVM) are used to estimate parameters of a unitary single-qubit quantum channel E. Illustration of such estimation schemes is given in Figure 1 . Our work has two major implications for adaptive-measurement schemes that follow the paradigm of Figure 1 , such as [5] [6] [7] [8] [9] . We begin with a remark and then present the implications in subsections 4.1 and 4.2.
PU
|Ψ n � E ϕ PVM Figure 1 : Example of an adaptive-measurement scheme. The task is to estimate the parameter ϕ that governs the transformation by the unitary, single-qubit quantum channel Eϕ. A permutationally-symmetric n-qubit input state |ΨN is stored in a quantum memory, and one qubit at a time is sent through the the channel Eϕ. The channel output reaches a detector whose operation is described by a projective-valued measure (PVM). Depending on the measurement outcome, a processing unit (PU) adjusts the basis of the PM. Red and blue arrows represent quantum and classical information respectively.
As E is a unitary channel and the measurement is a PVM, the combined action of the channel and the measurement is again a projective-valued single-qubit measurement. We represent this measurement by the two Kraus operators {K 0 , K 1 }, corresponding to the binary measurement outcomes ∈ {0, 1}. As the combined measurement is a PVM, K 0 and K 1 are projectors. In Remark 5 below, we denote |0 , |1 ∈ H 2 as the combined eigenbasis of {K 0 , K 1 }, i.e. K = | |. Remark 5 follows directly from Corollary 4.
be a permutationally-symmetric n-qubit string and {K
1 } the Kraus operators for a single-qubit PVM for measuring the i th qubit of ρ. For the measurement result ∈ {0, 1}, the state after the measurement is given by
with κ ,b = i |b i . The measurement probability is p = n−1 ν=0 α ν,ν . In the following Corollary, we consider the case of a sequence of single-qubit measurements and qubit losses, but with the difference that the measurements are described by PVM's instead of more general POVM's as in Corollary 10. Then, the restriction that "no qubit that becomes lost has been previously measured" of Corollary 10 can be discarded.
Corollary 11:
Let ρ be a permutationally-symmetric n-qubit string that is subject to a time-ordered sequence of single-qubit projective measurements and losses of qubits with the restriction that no qubit is measured more than once. Let k ∈ {0, 1, 2, . . . , n} be the number of successful single-qubit measurements performed on ρ. The individual measurement probabilities are equal to a lossless experiment where the measurements are applied in the same order to the qubits 1, 2, . . . , k of ρ.
Proof of Corollary 11: Corollary 11 extends Corollary 10 by stating that also previously measured qubits can be lost without altering the subsequent measurement probabilities. Remark 5 shows that the measured qubits are in a product state to the unmeasured qubits. Consequently, the loss of measured qubits has no effect on the outcome of subsequent measurements that are applied to the unmeasured qubits.
The exact nature of the loss mechanism is irrelevant as long as the loss process affects only the qubits that are finally lost. To illustrate this, consider the case wherein the second qubit of the three-qubit state
2 ) is lost. As part of the loss process, qubit 2 undergoes an evolution represented by a CPTP map C : 
This shows that the remaining state after loss is entirely independent of the loss mechanism, as long as qubit 2 does not interact with other qubits as part of this loss mechanism. It is easy to see that this principle extends to the loss of many qubits.
Pure states are sufficient for representing every state of the adaptive measurement
Initially, the measurement scheme starts with a pure permutationally-symmetric n-qubit state ρ in = |Ψ n Ψ n |, |Ψ n = n ν=0 ψ ν |ν [n] as input. Corollary 10 implies that all measurement results are indistinguishable from a lossless experiment, where we successively measure the qubits {1, 2, . . . , m}, for m = |M |. Then, Remark 5 implies that the state after the first measurement can be written as
for the measurement outcome and
2 the measurement probability.
Hence, the state after the first measurement is pure, where the substring of the unmeasured qubits is in the permutationally-symmetric state |Ψ ∈ H n . After the first measurement, the processing unit selects a possibly different PVM to be applied to the next qubit of the unmeasured permutationally-symmetric string |Ψ ∈ H n . The same argument as above can now be applied to the second measurement. By induction, it follows that at every state of the experiment, a pure state is sufficient for computing the probabilities of the measurement outcome. Consequently, for a pure permutationally-symmetric qubit string measured by single-qubit PVMs, the density matrix formalism is dispensable.
Exponential speedup in simulating adaptive-measurement schemes
By employing our mathematical framework, one can achieve an exponential speedup in simulating adaptivemeasurement schemes based on sequential single-qubit PVMs. The naive approach suggests that, when an individual qubit of a permutationally-symmetric state ρ ∈ B H n+1 is measured with a PVM, the permutation symmetry is broken and thus, the state after the measurement should to be represented as ρ ∈ B(H ⊗n 2 ). In a classical computer simulation, storing ρ in the memory can require exponentially many bits with respect to n. However, as we have shown in subsection 4.1 above, the measured state is separable with the unmeasured qubit string in B H n and the measured qubit in B H 2 . Hence, in a classical computer simulation, the state can be stored using O(n 2 ) bits, thereby requiring exponentially less memory compared to the naive approach.
As the quantum channel E is unitary and the measurement is a PVM, the action of the combined PVM on a single qubit state can be computed in constant time. Furthermore, state (62) can be computed in time O(n) ‡. For simulating the experimental execution of an adaptive-measurement scheme, the resultant state after at most n measurements has to be computed, requiring O(n 2 ) operations. ‡ We use the well-established premise within computational complexity theory that elementary operations, such as addition, multiplication or the square root, can be computed in constant time.
Discussion
One of the strengths of our approach is that the single-qubit PVMs need not be identical. Due to this versatility, our analysis also applies to multi-pass measurement schemes, for which permutationally-symmetric states are used as inputs. Examples include the spatial alignment of reference frames [21] , clock synchronization [22] , and phase estimation [7] . The spatial and temporal alignment of the reference frames is reduced to an adaptive multi-pass phase-estimation task [21, 22] . Entangled permutationally-symmetric states are a key resource for multi-pass phase estimation, as they allow for increased precision in the presence of loss [23] . The applicability of our results to multipass measurement schemes using permutationally-symmetric states as inputs can be seen by the following argument. A multi-pass measurement scheme works in the same manner as an adaptive measurement scheme, except that each input qubit undergoes multiple passes through the channel E prior to the measurement. After all passes through E and a successful measurement of the input qubit, the number of passes is changed for the next input qubit. For an input qubit, all passes though E and the subsequent projective measurement can be jointly represented by a PVM.
Entangled permutationally-symmetric qubit strings are a key resource for quantum-enhanced adaptive phase estimation and multi-pass phase measurements under lossy conditions. However, the usefulness of a permutationallysymmetric qubit string can be quite different under lossy conditions compared to the case of a lossless setup. For example, loss quickly destroys entanglement in the N00N state (|0 [n] + |n [n] )/ √ 2 and thereby eliminates the advantage of N00N states over classical states [24] . However, entangled permutationally-symmetric states for phase estimation that are robust against loss are well known [25, 26] .
Our results are mainly relevant for quantum-enhanced adaptive measurements and multi-pass schemes under lossy conditions, where entangled qubit strings are required to achieve an increased accuracy over classical schemes [4, 23] . Unfortunately, generating the required entangled n-qubit permutationally-symmetric input states is generally beyond current technology for large n.
Conclusions
We have shown that the measurement probabilities of single-qubit POVMs are not affected by some qubit losses for permutationally-symmetric states. This loss-independence underscores the importance of permutationally-symmetric states for real-world applications. When qubits of a permutationally-symmetric state are measured, the global permutation symmetry is broken. However, the unmeasured qubit substring remains permutationally-symmetric and therefore the loss-independence of later measurements of this substring persists (Corollary 10).
Moreover, our results are important for efficiently simulating adaptive-measurement schemes including loss. As has been shown, permutationally-symmetric states are the optimal inputs for phase estimation [4] . Most adaptive phase-estimation schemes employ pure permutationally-symmetric states as inputs and projective measurements at the outputs to estimate properties of a unitary quantum channel [5] [6] [7] [8] [9] . We have shown that, under these prerequisites, permutationally-symmetric states are sufficient to describe every state of the experiment thus allowing for a polynomial time simulation with respect to the number of input qubits.
